Robust multi-response optimization considering location effect, dispersion
effect, and model uncertainty using hybridization of NSGA-II and direct
multi-search

An-Da Lia“b, Zhen He®, Yang Zhanga7b7*

@School of Management, Tianjin University of Commerce, Tiangin 300134, China
b Management Innovation and Evaluation Research Center, Tianjin University of Commerce, Tianjin 300134, China
¢College of Management and Economics, Tianjin University, Tiangin 300072, China

Abstract

This paper proposes a robust method for multi-response optimization (MRO) considering the location effect,
dispersion effect, and model uncertainty simultaneously. We propose a multi-objective optimization model
for MRO that simultaneously maximizes the satisfaction degrees of the local and dispersion effects. Specif-
ically, a robust desirability function is used to model the overall satisfaction degree of multiple responses
with respect to the two effects. This desirability function evaluates a solution’s performance considering the
confidence intervals predicted by the regression models of location and dispersion effects, and thus, can ad-
dress the problem of model uncertainty. The proposed multi-objective model yields a set of non-dominated
solutions that approximate the Pareto front instead of one single solution, which provides more flexibility for
decision makers to select the final best compromise solution based on their preferences. To solve the model,
a hybrid multi-objective optimization algorithm called NSGAII-DMS that combines non-dominated sorting
genetic algorithm IT (NSGA-II) with direct multi-search (DMS) is proposed. NSGAII-DMS uses the search
mechanism of NSGA-II during the early evolutionary phase to quickly find a set of non-dominated solutions
and then uses the search mechanism of DMS to further tune the found non-dominated solutions. Two
test examples have shown that the proposed multi-objective MRO model can produce a set of robust solu-
tions by considering the location effect, dispersion effect, and model uncertainty. Further analyses illustrate
that NSGAII-DMS shows significantly better search performance than several well-known multi-objective
optimization algorithms, which include NSGA-II, SPEA2, MOEA /D, and DMS.
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1. Introduction

Response surface methodology (RSM) is widely used for product quality and manufacturing process

improvements (Box et al.l [1987; Myers et al., 2016; Montgomery, [2017). It contains a set of statistical and

optimization tools with respect to design of experiments (DOE), empirical model building, and optimization
. RSM was first used for single response optimization (SRO) problems, which aims to find
the optimal setting for input variables with respect to one single response variable (e.g., a quality variable).
However, many products/processes in modern industries include multiple responses. For example, in the
laser gyroscope manufacturing process of a company, the quality (response) variables include zero bias, bias
stability, bias repeatability, etc. Therefore, it is required to simultaneously optimize the multiple responses
by selecting the optimal setting for input variables. This optimization problem is called multi-response

optimization (MRO) (Myers et al., 2016).

Since directly optimizing multiple responses is generally intractable, many creative approaches have

been proposed to form MRO into a single objective optimization model. These approaches include the goal

programming approach (Kazemzadeh et all [2008), generalized distance approach (Khuri & Conlon| [1981)),

compromise programming approach (Costa et al.,[2012a)), probabilistic approach (Peterson et al.|2009)), loss

function approach (Taguchi, |1986; Pignatiellol [1993)), and desirability function approach (Derringer) 1994).
Except for the above studies, some studies (Lee et al] 2011} [Chapman et al. 2014alb} [Costa & Lourengo}

[2017; [Ouyang et all [2021)) have applied multi-objective optimization algorithms for simultaneously optimiz-

ing multiple responses to find a set of non-dominated solutions instead of one single solution. However, one
drawback of these methods is that it will be hard to optimize the defined MRO model if there are a large
number of responses (more than three objectives).

To obtain a robust parameter setting for input variables in a response optimization problem, both
the location and dispersion effects should be considered. The location effect denotes a response’s bias

compared with the target while the dispersion effect denotes the variance (i.e., robustness) of a response.

The loss function approach (Taguchi, 1986} [Pignatiello, [1993)) can be applied to solve such a problem since

both the location and dispersion effects can be measured by a loss function. Moreover, the dual-response

methods (Vining & Myers, [1990; Kim & Lin| 1998} [Zeybek et al.l [2020) were proposed for robust response

optimization. These methods model the location and dispersion effects as two separate “responses” to be

optimized. Based on the idea of dual-response optimization, Kim & Linl (2006]) proposed an MRO method

that simultaneously optimizes the location and dispersion effects of multiple responses. The desirability
function is adopted to obtain the degrees of satisfaction in terms of the means and standard deviations of
the responses. The optimization model is then defined as maximizing the minimum degree of satisfaction
over multiple responses.

The empirical response models established based on the experimental data depict the relations between



the input variables and the responses. In fact, the response models cannot be perfectly fitted, which leads

to the problem of model uncertainty. Recently, some creative approaches have been proposed to handle

the model uncertainty problem in MRO to obtain a more reliable solution. For example, (2005),

|Ouyang et al.| (2017), and Feng et al.| (2021) proposed several modified loss functions considering model
uncertainty for MRO. [Peterson et al. (2009), Wang et al.| (2016} [2020), |Ouyang et al.| (2020} [2022)), and

[Yang et al (2021) proposed several Bayesian-based MRO methods. Since the Bayesian approach can obtain

the posterior probability that a response falls into the defined tolerance interval, the model uncertainty
problem is naturally handled. Another widely used strategy to address model uncertainty is considering

a response’s overall performance in the confidence interval instead of the mean response value predicted

by the model. [Xu & Albin| (2003) proposed a min-max deviation model that considers every point in
the confidence interval for a response to handle the uncertainty caused by model coefficients.
proposed a worst-case strategy that uses the worst response value predicted by the uncertain
model for constructing the response optimization model. adopted the worst-case strategy
to form a robust desirability function to build an MRO method. This method inherits the advantages of the

traditional desirability function approach, whereas it neglects the dispersion effect. Based on the idea of the
robust desirability function, proposed a robust fuzzy programming method that considers
the location effect, dispersion effect, and model uncertainty. One limitation of this method is that it only
considers the uncertainty of the location effect. It is beneficial to consider the uncertainty of the dispersion
effect as well.

Most existing dual-response methods construct a single objective optimization model to optimize the
location and dispersion effects. To form the optimization model, decision makers’ (DMs’) preferences are

required to balance the priorities of the two effects, which is not an easy task because extensive domain

knowledge is required. Recently, several multi-objective methods (Koksoy & Doganaksoyl, 2003; Koksoy &
[Yalcinoz, [2008} [Shin & Chol [2009; Lee et al., |2009; |Costa et al., |2012b)) for robust response optimization were

proposed to find a set of non-dominated solutions (i.e., parameter settings) by simultaneously optimizing
the two effects. These methods do not proactively use the DMs’ preferences during the optimization. In
comparison, DMs can select the best compromise solution from the non-dominated solutions according to
their preferences or by using multi-objective decision methods after the optimization. However, these multi-
objective methods are limited since they can only handle the SRO problems. To address multiple responses,
proposed a multi-objective MRO method based on the desirability function. This method
separately models the overall degrees of satisfaction with respect to the location and dispersion effects of
multiple responses. The two effects are then optimized by a multi-objective optimization algorithm and the
posterior preference articulation approach is used to select the final solution. However, the drawback of this
method is that model uncertainty is not considered.

As mentioned above, to obtain a robust parameter setting for MRO, it is required to consider the
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location and dispersion effects of the responses, as well as model uncertainty. Moreover, a multi-objective
optimization algorithm can return a set of non-dominated solutions with different combinations of the degrees
of satisfaction with respect to the location and dispersion effects, which provides DMs with more flexibility
to further select a desirable solution considering their preferences. Therefore, proposing a multi-objective
optimization based MRO model that addresses both the location and dispersion effects while considering
model uncertainty is required. To solve the response optimization problems, evolutionary algorithms, such as
genetic algorithms (GAs) (Koksoy & Yalcinoz, 2008; Wang et al., 2016, are generally used due to their good
global search performance. Non-dominated sorting genetic algorithm II (NSGA-II) (Deb et al., [2002)) is one
of the most popular multi-objective evolutionary algorithms (MOEAs) that can find a set of non-dominated
solutions approximating the true Pareto front by simultaneously optimizing multiple objective functions,
and thus can be used to solve the constructed MRO model. NSGA-IT can search in a large solution space
with the population-based solution updating strategy, which endows it with a good global search ability.
However, being a type of GA, NSGA-II is weak in fine-tuning solutions when they are very close to optimal
solutions because the genetic operators in GAs introduce too much randomness (Oh et al., 2004). [He et al.
(2012) proposed a hybrid algorithm combining a GA with a direct search (also known as pattern search)
algorithm to rectify the mentioned weakness of the GAs. The hybrid algorithm first adopts the GA to
optimize the established desirability function for MRO, and then uses the direct search algorithm for further
optimization. However, this hybrid algorithm is proposed for a single optimization model, and thus, it does
not apply to multi-objective MRO models. Therefore, it would be beneficial to propose an effective multi-
objective optimization algorithm that combines NSGA-II with a direct search algorithm for the MRO model.
To narrow the above stated research gaps, this paper proposes a novel multi-objective optimization based
MRO method, which includes a multi-objective MRO model and a multi-objective optimization algorithm.

The main contributions of this paper are summarized as follows:

e We construct the MRO problem as a multi-objective optimization model that maximizes the desirabil-
ity values of both the location and dispersion effects. To address model uncertainty, we adopt the idea
of robust desirability function (He et al., 2012) and construct two desirability functions that model

the overall location and dispersion effects of multiple responses, respectively.

e We propose a hybrid optimization algorithm called NSGAII-DMS that combines NSGA-IT with direct
multi-search (DMS) (Custddio et al.|2011]), a recently proposed multi-objective optimization algorithm
based on the direct search, to solve the constructed multi-objective MRO model. In the proposed
optimization algorithm, NSGA-II is used first to find a set of non-dominated solutions, and then,

DMS is used to further update the non-dominated solutions by searching in the local area around the

solutions found by NSGA-II.

o We show the effectiveness of the constructed MRO model with two test examples and verify the
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performance of NSGAII-DMS by comparing it with several well-known multi-objective optimization

algorithms.

e We propose to use the ideal point method (IPM) [Li et al| (2016]) to help DMs to select the best
compromise solution from the non-dominated solutions found by NSGAII-DMS. The results of the

test examples show that IPM is a desirable tool for decision making.

The remainder of this paper is organized as follows. Section [2] presents the preliminaries, which are basic
concepts for the proposed method. Section [3] describes the details of the proposed MRO model. Section
introduces the proposed NSGAII-DMS algorithm. Section [5| evaluates the performance of the proposed
MRO model with two test examples. Section [f] verifies the search performance of the proposed optimization

algorithm NSGAII-DMS. The conclusions and future research interests are given in Section [7]

2. Preliminaries

This section presents the basic concepts for the proposed method, including a brief introduction of the
multi-objective optimization problems (MOPs) and a brief introduction of the desirability function based

MRO methods.

2.1. Multi-objective optimization problems

An MOP aims to simultaneously minimize/maximize multiple objective functions. The mathematical

formula of an MOP with m objectives can be written as

minimize F(x) = [f1(x), f2(X), ..., fm (x)]T
; (1)

subject to x € X

where x = [z, 72, ...,z,]T € R™ is a vector (solution) of n decision variables, f;(x) (j = 1,2,...,m) denotes
the jth objective function, and X denotes the set of all feasible solutions. In MOPs, a solution’s goodness
is determined by the trade-offs among the objectives. Given two solutions x; and x5 for the problem in Eq.

(1), x1 is better than xo if

V.] : fj(Xl) < fj(Xz) and E|j : fj(Xl) < fj(XQ). (2)

We say that x; dominates x5 (denoted by x1 < x2) if x; is better than xo. If a solution x* is not dominated
by any feasible solution x € X, x* is said to be a Pareto optimal solution. Generally, an MOP has a set
of Pareto optimal solutions. The surface formed by the Pareto optimal solutions in the objective space is
called the Pareto front. The objective of a multi-objective optimization algorithm is to find a set of well
distributed non-dominated solutions approximating the true Pareto front.
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Figure 1: Illustration of the procedure of NSGA-II at a generation.
2.2. NSGA-II

In recent years, many MOEAs have been proposed to solve MOPs. These algorithms can obtain a set
of non-dominated solutions approximating the true Pareto front. MOEAs have the advantages of being
derivative-free, good global search performance, easy implementation, etc. Thus, they can be easily applied
to various MOPs. NSGA-II is one of the most popular MOEAs proposed by Deb et al.| (2002). We briefly
introduce the idea of NSGA-II as follows.

Fig. [[]illustrates the procedure of NSGA-II at a generation. Suppose that the population has N solutions.
At each generation, the offspring population with N solutions is produced by the genetic operators based
on the parent population. A sorting pool is generated by combining the parent and offspring populations.
The fast non-dominated sorting approach and crowding distance measure are used then to sort the solutions
in the sorting pool. The best N solutions in the sorted pool are added to the new population for the next
generation. Specifically, the fast non-dominated sorting approach can divide the solutions in the sorting pool
into several non-dominated fronts (5 in the example shown in Fig. according to the Pareto dominance
concept, where a lower front level denotes a better fitness level of the solution. To compare the solutions
within the same non-dominated front, the crowding distance that measures the density of solutions around
a particular solution is used in NSGA-II. A solution with a larger crowding distance is said to have a better
fitness level. Using the fast non-dominated sorting approach and crowding distance measure simultaneously,
any two solutions in the sorting pool can be compared, which is beneficial for sorting the solutions with

respect to their goodness.



2.8. Direct multi-search (DMS)

DMS is a recently proposed multi-objective optimization algorithm based on the idea of direct search
(Custédio et al.l |2011). It mainly adopts a search mechanism named poll step to update solutions during
the optimization process. DMS has shown to have excellent convergence behaviors for continuous MOPs,
and thus, can be used for solving the established multi-objective MRO model in this paper.

The poll step of DMS at an iteration can be briefly introduced as follows. Let x,, be a poll center selected
from the set (denoted by L,s) of non-dominated solutions found so far. Then, a set Lyyiq; of new solutions

is generated as

Liriat = {Xp + lepd|d S D} (3)

where D is a randomly generated positive spanning set at this iteration, d is a vector in D that decides a
search direction, ay, is a step size parameter of x, that decides the length of the search. The generated
solutions in L, can be then used to update the non-dominated set L, based on the Pareto dominance
concept. We say that the poll step succeeds if L,, is successfully updated, and otherwise, we say the poll step
fails. The step size parameter of the poll center is updated to ax, new > ax, if the poll step succeeds, and
is updated to ax, new < Ox, if the poll step fails. It indicates that DMS can gradually reduces the search
space when the poll step fails, which results in good local search performance and excellent convergence
behaviors. Each new generated solution x; € Lyyiq; has a step size parameter ax, as well, which inherits the

value of ax,, i.e., ax, = ax, ...,

2.4. MRO methods using desirability functions

Let x = |71, 22, ...,7,]T be a vector of n input variables and y be a response variable. An RSM method

generally uses a quadratic model to depict the relation between x and y as

y(x) = Bo + Z Bix; + Z Biixi + Z Zﬂz‘jxiiﬂj +€, 4)
=1 i=1

i<j j=2
where € ~ N(0,0?) is the experimental error term. Let

z2(x) = [1, 21, ..., xp, 23, ...,xi,xlx% oy T2 T (5)

and

/6 = [ﬁOa Blv "'7ﬁn7/3117 "’7ﬁnn7ﬂ127 "°7ﬂn71,n]T' (6)

The model in Eq. can be depicted as



Suppose that g samples are obtained in the experiment, X is a g X n matrix denoting the observations of
x, and y is a g X 1 vector denoting the observations of the response y. Using the least squares estimation,
the vector of estimated parameters is obtained as B = (XTX)~!XTy, and the estimated response value is
obtained as g(x) = Z(X)TB. Under the assumption that the experimental errors are independently identically

distributed, the standard error of the predicted response is obtained as

Selg(x)] = \/5QZ(X)T(XTX)‘1Z(X)~ (8)

Then, the (1 — ) confidence interval [y*(x),y" (x)] of the true response y(x) is obtained as

[y" (%), 5" (%)] = [9(x) — taj2,g—p - Selg(x)], 5(x) + tas2,—p - Se[d(2)]] (9)

where /9 4—p is the 1 — /2 quantile of a Student’s t-distribution with g — p degrees of freedom, g is the
number of samples obtained in the experiment, and p is the number of estimated parameters.

In an MRO problem with m independent responses y; (j = 1,...,m), we can use the aforementioned
model to obtain the estimated response value g;(x), standard error Se[g;(x)], and the confidence interval
[ij (X),ij(X)] for each response. The desirability function approach introduced by Derringer| (1994) is a
very popular and powerful technique that can comprehensively evaluate the overall degree of satisfaction of
multiple responses. This approach first transforms each predicted g;(x) into a desirability value d(g;(x)) €

[0,1] (larger is better), which reflects the degree of satisfaction of each response with respect to the target.

Then, the overall desirability value of all responses is calculated using the function

)1/2%' (10)

m
D(x) = (I dt@; )y
j=1

where w; > 0 denotes the weight of response y;. Finally, the MRO problem is defined as an optimization
model that maximizes the overall desirability function D(x).

The drawback of Derringer’s method is that it neglects the fact that the predicted responses §;(x)

(j = 1,...,m) are unreliable to some extent due to the uncertainty of the fitted regression models. In other

words, this method does not consider the problem of model uncertainty. Recently, He et al.| (2012) proposed

a robust desirability function that considered model uncertainty in modeling the overall desirability degree

of multiple responses. Specifically, a response’s desirability level is measured by the worst desirability value

produced by the confidence interval [yJL (x), yJU(x)], and it is obtained as

(%) = min{d(y (x)), d(y! (x))}. (1)

Then, a robust overall desirability value for multiple responses can be obtained based on Eq. by
8



replacing d(g;(x)) with d;(x)

3. Proposed multi-objective optimization model for MRO

This section proposes a multi-objective optimization model that considers the location effect, dispersion
effect, and model uncertainty simultaneously for MRO. Suppose that an MRO problem contains m indepen-
dent responses. Using the quadratic model described in Section we can get the predicted mean (location
effect) 9;,.(x) (j =1,...,m) and the predicted standard deviation (dispersion effect) 3; ,(x) (j =1,...,m) of
each response. Moreover, the 1 — a confidence intervals [ij,u(X)’ yﬁu(x)] and [yJLU (x), yj[{o_ (x)] for the mean
and standard deviation of each response can be obtained by Eq. @D Based on these notations, we model

the overall location and dispersion effects of multiple responses based on the desirability function as follows.

3.1. Qwerall location effect considering model uncertainty

In this paper, we model the overall location effect of multiple responses with the desirability function
approach. Specifically, the robust desirability function (He et al., [2012) that can handle the uncertainty of
fitted models is used to model the overall location effect. The optimization objective for a response can
be the nominal-the-best (NTB), the larger-the-better (LTB), or the smaller-the-better (STB) type. The
desirability function for each of the three response types is shown as follows.

For an NTB type response y;, the robust desirability function is defined as

0;  if yrx) <yt oo yY(x) >y
d" (X)Z L min \ S; max U t;
G (X)) =y : e — gyt (x
Tﬁll ~ Y Yju — ijM
(12)
where ™ and y™2* denote the lower and upper specification limits of the response, respectively, T

JsH DK

denotes the target value of the response, and s; and ¢; are the parameters determining the shape of the
desirability function (see Kim & Lin| (1998)) for more details). Specifically, s; = 1 and ¢; = 1 indicate a
linear shape of the desirability function.

For an LTB type response y;, the robust desirability function is defined as

0 if yh(x)<ymn

L min \ t;

: Yy (X)) =yt \ v . ;

Gt = (B < < T (13
Jw T Y

where y;“,‘fl denotes the lower specification limit and 7 ,, denotes the target value of the response.



For an STB type response y;, the robust desirability function is defined as

0 if yY(x) >y

=y, .
00 = (BN iy 1, <00 < (14
Yjn Jom

where y7'7* denotes the upper specification limit and T}, denotes the target value of response y;. Using
Eqgs. —7 the robust desirability value dj H(x) for each response can be obtained. Then, we can model

the overall location effect of multiple responses with the robust overall desirability function

Dr(x) = (f[d;,M(X)wW)l/ Zw]‘,u, (15)

where w;,, > 0 is the weight for the location effect of response y;.

3.2. Owverall dispersion effect considering model uncertainty

The robust desirability function method proposed by He et al.,| (2012)) does not consider the dispersion
effect of responses. In this paper, the dispersion effect of responses is considered as well. We model the
overall dispersion effect in a similar way to the overall location effect. The dispersion effect §; ,(x) for a

response y; is always the STB type, and thus, it can be modeled considering model uncertainty as

0; if yi,(x) =y

. ynax — U (x)\ " .
o0 = (B2 iy Ty <ol <. (16)
Yjo —dio

Loif y(x) < T,

where y72* and Tj , denote the upper specification limit and the target value of the standard deviation

of response y;, and t;, defines the shape of the desirability function. Then, the overall location effect of

multiple responses can be modeled by the overall robust desirability function

i /X wjo
D300 = (T o) =", (1)
j=1

where w; » > 0 is the weight for the dispersion effect of response y;.

3.3. The optimization model

In this paper, we optimize the location and dispersion effects of multiple responses simultaneously.
The overall location and dispersion effects of multiple responses can be modeled by the robust desirability
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functions in Egs. and , respectively. The desirability function values D}, (x) and Dy (x) for the
two effects are the larger the better. Therefore, we can formulate the optimization model as an MOP of
maximizing both Dj,(x) and Df(x). Seeing that the desirability function values D), (x) and Df(x) are in
[0,1] according to their definitions, we can easily transform the optimization model to an MOP with the
objective functions to be minimized. According to the above analysis, we formulate the optimization model

as
mimimize F(x) = [1 — D} (x),1 - DT (x)]* as)
) 18
subject to xe€X

where x denotes the vector of the input (decision) variables, X denotes the design space of input variables,

and Dj,(x) and D7 (x) are the overall robust desirability functions defined in Eqgs. and (17)), respectively.

4. Proposed optimization algorithm: NSGAII-DMS

This section proposes a multi-objective optimization algorithm called NSGAII-DMS that combines the
search mechanisms of NSGA-II and DMS for solving the proposed MRO model. We first introduce the
overall procedure of NSGAII-DMS, and then, introduce the main components of NSGAII-DMS in detail.

4.1. Overall procedure of NSGAII-DMS

NSGA-II is a competitive multi-objective optimization algorithm with good global search performance,
while DMS performs well on the local search. To solve the established MRO model in Eq. , we propose a
hybrid optimization algorithm (i.e., NSGAII-DMS) combing the search mechanisms of NSGA-IT and DMS.
The proposed optimization algorithm has two optimization phases. In the first phase, NSGA-II is adopted
to find a set of non-dominated solutions. In the second phase, the poll step in DMS is used to further
tune the non-dominated solutions found by NSGA-II. The first phase of NSGAII-DMS can be seen as an
exploration process and the second phase of NSGAII-DMS can be seen as an exploitation process. Thus,
NSGAII-DMS has the potential to obtain promising optimization results.

The procedure of NSGAII-DMS is shown in Algorithm The NSGA-II process performs in the first
phase of NSGAII-DMS. First, the initial population P* (¢ = 1) that contains N feasible solutions x},
k=1,2,...,N is randomly generated. Then, at each iteration, the offspring population Q! is generated by
the genetic operators based on the parent population P! and the sorting pool S is generated as the union
of O and P!. After that, we sort the solutions in S using the fast non-dominated sorting approach and the
crowding distance measure (see Section , and then, add the best N solution to the population P**! of
the next generation. Finally, after the iterations, the NSGA-II process finds a set L,s of non-dominated
solutions, which is input of the next phase, i.e., the DMS process.

The DMS process performs in the second phase of NSGAII-DMS. First, an initial step size parameter
g is assigned to each solution in the non-dominated set L,s. Then, at each iteration, a set Lyy;q; of new
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solutions is generated based on Eq. described in Section Next, the original non-dominated set L,
is updated by the new solutions based on the Pareto dominance concept. It should be noted that we let the
maximum size of the non-dominated set L,s be N (equal to the population size). Thus, the problem that
the non-dominated set L, gradually gets extremely large during the iterations can be avoided. Specifically,
if the number of solutions in L, exceeds N, we eliminate the solutions with the largest crowding distance
value (shown in Eq. ) to make the size of L,,; be N. Finally, when the number of the function evaluations

of the DMS process reaches the predefined maximum evaluation number E, the whole algorithm terminates.

Algorithm 1: Pseudocode of NSGAII-DMS.

Input : The maximum number of generations during the NSGA-II process T, the population size N, the
maximum number of the function evaluations during the DMS process E, and the initial value of
the step size parameter ap ;

Output : The set of found non-dominated solutions Ls;

/* Begin the NSGA-II process. */
1t 1; /* Initialize the generation counter t */
2 Pt {xb xb, ..o xN ) /* Initialize the population P*. xi (k=1,..,N) denotes a feasible

solution. */
3 Evaluate the two objective functions based on Eq. li for each xi, € P*;

4 Sort the solutions in P* based on the fast non-dominated sorting approach and the crowding distance
measure (see Section ;

5 while t < T do

6 Generate the offspring population O' by applying genetic operators on P’ (see Section ;

7 Evaluate the two objective functions based on Eq. for each solution in Q%;

8 S+ Q' UP; /* Generate the sorting poll S */

9 P!« Sort the solutions in S using the fast non-dominated sorting approach and the crowding distance

measure and return the best N solutions (see Section [4.3);
10 t—t+1;

11 end
12 L,s < The non-dominated solutions in P?;

/* Begin the DMS process. */
13 e+ 0; /* Initialize the function evaluation counter e of the DMS process. */

14 For each solution X € L,, assign the step size parameter value as ax = ao;
15 while e < F do
16 Select a poll center x, from Ly (see Section ;

17 Randomly generate a postive spanning set D;
18 Liriar < {Xp + ax,d|d € D}; /* Generate a set Liriai of new solutions based on the poll step.
*/

19 Evaluate the two objective functions of each solution in L4 based on Eq. l}
20 Update the non-dominated set L,s with Liyiar;
21 Update the step size parameter value of the poll center x, from ax, to ax, .. (see Section ;

22 For each solution x € Ly, let ax = Qix, if x =xp or X € Ltrial;

23 e+ e+|DJ; /* Update the function evaluation counter e. |D| denotes the number of
vectors in D. */

24 end

25 return The set of non-dominated solutions Ls;
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Algorithm 2: Pseudocode of the fast non-dominated sorting approach.

Input : The sorting poll S ;

Output : Non-dominated fronts Fq,Fa,...,F; ;

i+ 0;

while S # () do
14i+1;
F; < Find the non-dominated solutions from S ;
S «+ S\F; ;

end

l+1;

return Non-dominated fronts Fq, Fa,...,F; ;

0 N O AW N

4.2. Solution encoding and initialization

In NSGAII-DMS, the real encoding strategy is used to represent solutions. In the RSM scenario, the
design space of the input variables is generally a cuboid region —1 < z; < 1 (i = 1,2,...,n). Therefore,
the input variables for the MRO problem can be represented as a vector X = [x1, T2, ..., 2,]7 where each
1<z, <1, i=1,2,....n.

To initialize a feasible solution x = [z1,¥a,...,7,]T, we set the value of each z; (i = 1,2,...,n) as a
random value from the uniform distribution U(—1,1). It is also worth noting that, during the iterations
of NSGAIL-DMS, the new generated solutions may be out of the feasible solution space (i.e., ; < —1 or
x; > 1). To address this issue, we further use a repairing strategy that replaces the original value of x; with

-1 if x; < —1 and replaces the original value of x; with 1 if z; > 1.

4.8. Sorting solutions

In NSGAII-DMS, the fast non-dominated sorting approach and the crowding distance measure proposed
by |Deb et al.| (2002)) is used to sort solutions with respect to their goodness.

The main procedure of the fast non-dominated sorting approach is shown in Algorithm First, this
sorting approach selects the non-dominated solutions from the original sorting poll S and appends them
into the first non-dominated front F;. Then, the sorting poll S is updated by removing the solutions in F;.
Next, the second non-dominated front Fs is constructed in the same way as F; and S is further updated
by removing the solutions in Fy. This process continues until S is empty and we finally divide the original
solutions in S into [ fronts Fq,Fs,...,F;. Given two solutions x; € F, and x5 € [y, x; is better than x5 if
a < b.

The crowding distance of a solution is calculated as the average side length of the cuboid composed by
its two nearest solutions in the same non-dominated front. Let x € F; be a solution in the non-dominated

front i (i € {1,2,...,1}), and xT € F; and x~ € F; be its two nearest solutions in the same front. Then, the
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crowding distance value of x is calculated as

00; if 3je{l,2,.,m}: fi(x)=fi" or fi(x)= fJmin

d(x) —
0= Z |f]fmax fn(nn )‘, otherwise

(19)

where f]"* = maxqer, fj(q) and f]min = minger, fj(q). The crowding distance cd(x) indicates the density of
solutions in the local area around x. It can be used to compare any two solutions in the same non-dominated
front. A larger crowding distance value denotes a better fitness level of the solution.

In NSGAII-DMS, we can sort the solutions in the sorting poll S according to solutions’ goodness evaluated
by the aforementioned fast non-dominated sorting approach and the crowding distance measure, and then,
add the best N solutions to the population P**! as shown in line [9] of Algorithm [} Tt should be noted
that, in this paper, we use a dynamic crowding distance calculation strategy (Luo et al.l [2008) to select the
best N solutions from S. In this dynamic strategy, we first obtain the non-dominated fronts with the fast
non-dominated sorting approach and obtain the crowding distance with Eq. for each solution. Next,
the worst solution (the one that has the smallest crowding distance value in the last non-dominated front)
is eliminated. After the elimination, we use Eq. again to update the crowding distance value for each
remaining solution. Then, the worst solution determined by the updated crowding distances is eliminated.
This process continues until the number of remaining solutions equals N. The remaining solutions are the
best IV solutions to be added to P!T!. Compared with the static crowding distance calculation strategy, which
calculates the crowding distance for each solution once, the dynamic one has the advantage of producing

more uniformly distributed solutions.

4.4. Genetic operators

In NSGAII-DMS, we use binary tournament selection, simulated binary crossover (SBX) operator, and
the polynomial mutation (PM) operator to conduct genetic operations as that used in [Deb et al.| (2002)). In
an iteration of the NSGA-II process, the tournament selection strategy is first used to select parent solutions.
Then, the SBX and PM operators are utilized to generate offspring solutions based on the selected parent
solutions. A brief introduction of the genetic operators is shown below.

The binary tournament selection strategy conducts N tournament selections to select N parent solutions
from the population. During each tournament selection, two solutions are first selected from the population
at random, and then, the one with a better fitness level is selected as the parent solution. The selected
parent solutions are then randomly mated into N/2 pairs, which are further used by the following crossover
and mutation operators.

The SBX operator generates two offspring solutions based on a pair of parent solutions with a crossover
probability of p.. Let x1 = [z1,1, 21,2, ey T1n)T and xg = 721, Z2.9..., 72.,]T be two paired parent solutions.
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The SBX operator is applied to the ith (¢ = 1,2, ..., n) variable of x; and x5 with a probability of 0.5, which
update z1,; and x3; into

275 = 0.5[(1 + )z + (1 —7)z2,]

. (20)
255" = 0.5[(1 = vz, + (14 7)2,]
In Eq. , v is a spread factor which is defined as
(2u)77;  if u<05
(21)

v = ke
1 net+1
(2(1)> ; otherwise
—u

where u is a random number in (0,1) and 7. in the distribution index for the SBX operator.

The PM operator further updates each variable in a solution after the application of the crossover
operator. For a solution x = [x1, T2, ..., z,|T, with a crossover probability of p,,, a variable x; (i = 1,2, ...,n)
is updated into

" =2 + 0(u; — 1), (22)

where u; and [; are the upper bound and lower bound of the ith variable in the encoded solution of NSGAII-

DMS. The ¢ in Eq. is obtained as

[2u 4 (1 = 2u)(1 — 6;)"™ ] T 1; if u<05
§= . (23)
1= [2(1 =) +2(u—0.5)(1— &)™ ] ™FT: otherwise

where u is a random number in (0,1), 1, in the distribution index for the PM operator, and ¢; and dy are

defined as 61 = (Zlfz — lz)/(ul — ll) and 52 = (U, — l‘l)/(Uq — l,)

4.5. Poll center selection strategy

The selection of the poll center at each iteration affects the performance of the DMS process. In this
paper, we use the poll center selection strategy suggested by [Li et al.| (2020). Specifically, each solution
in L,s uses a parameter w to record the number of times that this solution is selected as the poll center.
Then, the solution with the smallest w value is selected as the poll center at an iteration. This setting makes
the poll step searches around different areas of the search space in turn, which can avoid the problem of
repeatably searching around some areas of the search space. If there is more than one solution with the
smallest w value, we select the solution with the largest crowding distance. It means the poll step prefers

to search in the sparse local area of the search space with a few solutions.
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Table 1: Details of the CGA dataset.

Run Replication z1 x2 a3 Y1 Y2 ys Run Replication x1 z2 3 Y1 Y2 Y3
1 1 -1 -1 -1 450 0.17 29.00 10 1 1 0 0 5.52 0.52 30.00
2 -1 -1 -1 450 0.26 23.00 2 1 0 0 539 051 24.00
2 1 1 -1 -1 6.04 050 2300 11 1 0 -1 0 592 061 32.00
2 1 -1 -1 639 053 2540 2 0 -1 0 593 059 2340
3 1 -1 1 -1 381 0.17 22.00 12 1 0 1 0 4.74 0.36 36.00
2 -1 1 -1 4.09 020 27.00 2 0 1 0 4.50 0.30 21.00
4 1 1 1 -1 5.67 044 2550 13 1 0 0 -1 501 036 27.00
2 1 1 -1 519 040 21.00 2 0 0 -1 470 0.25 24.00
5 1 -1 -1 1 467 032 2000 14 1 0 0 1 494 0.53 38.00
2 -1 -1 1 422 032 41.00 2 0 0 1 501 0.51 25.00
6 1 1 -1 1 6.73 057 35.50 15 1 0 0 0 4.85 047 34.00
2 1 -1 1 6.57 0.57 18.00 2 0 0 0 494 046 34.00
7 1 -1 1 1 340 0.12 43.00 3 0 0 0 498 049 33.00
2 -1 1 1 432 0.28 20.00 4 0 0 0 4.89 048 24.00
8 1 1 1 1 572 046 19.00 5 0 0 0 494 046 19.00
2 1 1 1 509 050 34.00 6 0 0 0 5.01 047 25.00
9 1 -1 0 0 4.09 0.27 36.00
2 -1 0 0 4.38 0.23 24.00

4.6. Step size parameter update strategy

As we stated in Section the step size parameter ay, of the poll center should be updated after each
iteration. As suggested by (Custodio et al.| (2011), we set ax, ., = X, if the generated Ly iq successfully
updates the current non-dominated set L,s and set ax, ., = 8%y if Liriq fails to update L, where 8 <1
is a user-defined parameter. This means the step size is maintained at successful iterations and is reduced

at failure iterations.

5. Evaluating the performance of the proposed MRO model

This section verifies the proposed model with two test examples. In the following subsections, the
introduction of the test examples, parameter setting, benchmark methods, optimization results of the two

examples, the strategy to select the best compromise solution, and the discussion are given.

5.1. Test examples

5.1.1. Ezample 1: a production process of colloidal gas aphrons (CGAs)

A real MRO problem from a production process of colloidal gas aphrons (CGAs) is used as the first test
example. This problem was first reported by [Jauregi et al. (1997)) and then used by |[Kim & Lin| (2006),
He et al.| (2017), and [Lee et al. (2018) to evaluate the performance of MRO methods. The CGAs are
microbubbles composed of a gaseous inner core covered by a thin surfactant film produced by intensively
stirring a surfactant solution (Jauregi et all [1997). The quality of a CGA is measured by three response
variables, i.e., stability i, volumetric ratio y2, and temperature y3. These three responses are the LTB,
STB, and NTB types, respectively. The input variables in the experiment are concentration of surfactant
x1, concentration of salt zo, and time of stirring x3. The purpose of this example is to find an optimal

setting for the three input variables by optimizing both the location and dispersion effects of the responses.
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In the experiment, a central composite design (CCD) with 8 factorial points, 6 axial points, and 1 center
point is adopted. The center point was replicated 6 times and the other points were replicated twice. Thus,
both the mean and standard deviation for each point are obtained and the response models for both the
location and dispersion effects can be fitted. The details of the CGA dataset is shown in Table [I} where
the coded values for the input variables are shown and the measurement units for the three responses are
y1 = log(seconds), y» = none (ratio), and y3 =°C.

The means and standard deviations of responses 91, y2, and y3 at each point are estimated based on the
samples from the experiment shown in Table [I} We use the ordinary least squares (OLS) method to obtain

the regression models. The fitted models are

1,(X) = 4.953 + 0.81721 — 0.44725 — 0.1562F + 0.27123 — 0.1122; 29 + 0.06921 73, (24)
G2,.(x) = 0.459 + 0.133z1 — 0.061x2 + 0.045z3 — 0.06527 — 0.03523, (25)
G3,(X) = 28.746 — 1.480x1 + 2.330z3 — 0.78127 — 1.18123 — 0.712x 73, (26)

71,0(x) = 0.059 + 0.11225 + 0.057x3 + 0.118x% + 0.10456% —0.100x123 + 0.047x2x3, (27)
f2.0(x) = 0.021 — 0.014x; + 0.01325 — 0.00623 + 0.016232 — 0.006x1 3 + 0.0222923, (28)
U3.0(x) = 6.082 — 1.527x1 + 0.495z5 + 4.851x3 + 2. 26222 — 0.6542123 — 0.6722, 7023, (29)

where §; ,(x) denotes the fitted location effect model for the mean of response y;, and g; ,(x) denotes the
fitted dispersion effect model for the standard deviation of response y;, j = 1,2, 3.

The specifications, including the targets (77}, and T} ), upper limits (y?jx and ymdx) and lower limits

(ymlll
Jsbt

The values in Table [2] are set based on the work by |Kim & Lin| (2006)). The only difference is that we

1’1’111])

and y for the means and standard deviations of the responses y; (j = 1,2, 3) are shown in Table

relaxed the upper limits of the standard deviations of the responses, i.e., y1's%, y3's", and y3'5* are changed
from 0.10, 0.10, and 2.00 to 0.20, 0.20, and 3.00. The reason for this change is that the worst-case standard
deviations considering model uncertainty in the proposed method are larger than that without considering
model uncertainty. During the optimization process, the standard deviations of solutions considering model
uncertainty generally exceed the original upper limits, which makes the desirability function loses efficacy if
the original tight limits are used. Note that, since the standard deviation of each response is the STB type,
and the target and lower limit for each standard deviation are the same as that used by Kim & Lin| (2006)),

the optimization objective for the standard deviations of the responses does not change.

5.1.2. Example 2: a synthetic MRO problem
Besides the CGA example, we propose a synthetic MRO problem to further verify the proposed method.

The details of the designed experiment and the response values for each input parameter setting for this
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Table 2: Specification information of the responses in the CGA Example.

Response Tin  Yju i Tie  Yie T
y1 (LTB) 7.00 3.00 7.00 0.00 0.00 0.20
y2 (STB) 0.10 0.10 0.60 0.00 0.00 0.20
ys (NTB) 30.00 15.00 45.00 1.00 1.00 3.00
Table 3: Details of the synthetic dataset.
Run Replication z1 z2 a3 Y1 Y2 y3 Run Replication z1 z2 3 Y1 Y2 Y3
1 1 -1 -1 -1 3074 5126 9.92 10 1 1 0 0 32.10 51.64 10.70
2 -1 -1 -1 2865 50.11 9.61 2 1 0 0 30.38 50.76 10.29
2 1 1 -1 -1 3447 41.00 11.21 11 1 0 -1 0 34.83 5254 11.25
2 1 -1 -1 3258 3987 11.18 2 0 -1 0 3316 51.29 11.02
3 1 -1 1 -1 26.58 48.08 9.08 12 1 0 1 0 3241 47.52 9.46
2 -1 1 -1 2472 46.63 8.74 2 0 1 0 30.62 46.21 9.05
4 1 1 1 -1 2872 4756 9.01 13 1 0 0 -1 2960 4845 9.59
2 1 1 -1 2696 4656 8.84 2 0 0 -1 2750 4725 9.32
5 1 -1 -1 1 3122 5414 11.09 14 1 0 0 1 2821 51.31 10.50
2 -1 -1 1 29.60 53.41 11.03 2 0 0 1 2656 5029 10.24
6 1 1 -1 1 3399 48.07 10.83 15 1 0 0 0 2949 53.19 8098
2 1 -1 1 3258 47.09 10.35 2 0 0 0 29.67 52.15 9.22
7 1 -1 1 1 2741 52,52 12.01 3 0 0 0 30.57 52.01 9.10
2 -1 1 1 25.68 5149 11.79 4 0 0 0 29.34 51.38 9.38
8 1 1 1 1 2864 5140 12.30 5 0 0 0 3159 53.12 9.20
2 1 1 1 26.82 50.00 11.78 6 0 0 0 2751 5212 8.67
9 1 -1 0 0 29.16 50.98 10.16
2 -1 0 0 27.28 50.03 9.95

synthetic MRO problem are shown in Table [3] The specification information of the three responses in

the synthetic example is shown in Table The three responses y1, y2, and y3 are LTB, NTB, and STB

types, respectively. This synthetic MRO problem aims to find a good parameter setting for the three input

variables x1, 2, and x3 while simultaneously optimizing these responses with respect to the specification

information. Moreover, as shown in Table 3] a central composite design (CCD) with 8 factorial points, 6

axial points, and 1 center point is adopted. The center point is replicated 6 times and the other points

are replicated twice. Thus, we can compute the mean and standard deviation for each point to obtain the

location effect and dispersion effect regression models, which are used in the optimization process of the

MRO methods. The fitted regression models with the OLS method are shown as

Y1,pX
Y2,u (X
Y3, u X

Y2,0\X

(

(

(
Io(x

(

(

QS,U X

30.469 + 1.288z; — 1.858z + 2.160x3 — 2.883x3 — 1.4032; 23,

48.593 — 2176z + 2.407x5 + 2.20422 — 2,671z x5,

10.179 — 0.493z5 + 0.760z5 — 0.98822 + 0.72422 + 0.932z,3,

1.331 + 0.143z5 — 0.090z5 — 0.21023 + 0.18322 + 0.088x,3,

0.832 — 0.037x; + 0.058x5 — 0.042x3 — 0.06627 + 0.107z1 23,

0.201 + 0.066z1 + 0.076x3 — 0.1192122 + 0.07921 23,

where g, ,(x) and and §;,(x) are the fitted location effect and dispersion effect models for response y;,

j=1,2,3.
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Table 4: Specification information of the responses in the synthetic example.
Response T i iy Tio Yo Yjo
y1 (LTB) 35.00 25.00 35.00 0.50 0.50 1.50
y2 (NTB) 50.00 40.00 60.00 0.00 0.00 0.70

y3 (STB) 5.00 5.00 15.00 0.00 0.00 0.20

5.2. Parameter setting

NSGAII-DMS is composed of the NSGA-IT and the DMS processes. Since the DMS process can be
seen as a separate process further tuning the solutions returned by the NSGA-IT process, it does affect the
inner search mechanism of the NSGA-II process. Therefore, the parameters used in the NSGA-II process of
NSGAII-DMS are set based on the NSGA-II algorithm that is used in [Deb et al.| (2002). These parameters
in NSGA-II are well-tuned and widely used in many optimization problems. Specifically, the population size
is set as N = 100, the crossover probability is set as p. = 0.9, the mutation probability is set as p. = 1/n (n
is the number of input variables), and the distribution indices for the cross and mutation operators are set
as 1. = 20 and 7, = 20.

The total number of function evaluations of NSGAII-DMS is set as 25,000, which is the same as [Deb
et al.| (2002). However, since NSGAII-DMS is composed of the NSGA-II and DMS processes. We need to
further tune the number of generations T' of the NSGA-II process and the number of function evaluations £
of the DMS process. Moreover, the parameters used in the DMS process are the initial step size parameter
g, and the parameter g that controls the change of the step size. The original study of DMS by |Custddio
et al.| (2011)) sets g = 1 and S = 0.5, which means a relatively large initial step size is used to ensure
the global search performance of DMS and the step size is halved at failure iterations. We have conducted
several initial experiments which have shown that these parameters are not suitable for NSGAII-DMS. This
is because, in NSGAII-DMS, we have already used the NSGA-II process to globally update solutions before
the DMS process. Thus, it would be better to use a relatively small «g value to make the DMS process
focus on the local search. Therefore, the two parameters ag and 8 should be further tuned.

According to the above analysis, four parameters are required to be further tuned. They are the number
of generations T' of the NSGA-II process, the number of function evaluations F of the DMS process, and the
parameters ag and 8 in the DMS process. Moreover, since T and E should meet the constraint 100xT+ F =
25,000 (25,000 is the total number of function evaluations), we only need to tune three parameters for
NSGAII-DMS, i.e., T, g, and 3. The details of the experiments that tune the three parameters are shown
in Appendix Based on the tuning experiments, we obtain the following desirable parameter
values: T' = 100, oy = 0.4, and 8 = 0.85. Then, with the constraints 100 * T+ E = 25,000 we obtain
E = 15,000. Finally, we obtain a desirable parameter setting for NSGAII-DMS, i.e., population size
N = 100, maximum number of generations of the GA process T = 100, crossover probability P, = 0.9,

mutation probability P, = 1/n, maximum number of function evaluations of the DMS process F = 15, 000,
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initial step size parameter ag = 0.4, and the parameter for updating the step size 8 = 0.85. This parameter

setting will be used in the following experiments.

5.3. Benchmark methods

Six MRO methods, denoted by TDF (Derringer} 1994), FDF1 (Kim & Linl 2000)), FDF2 (Kim & Lin
2006), RDF (He et al. 2012), REDF (He et al., 2017)), and MDF (Lee et al. 2018), are adopted as the
benchmark methods to verify the performance of the proposed model. TDF is the traditional desirability
function method that optimizes the location effect of multiple responses. FDF1 is a fuzzy desirability function
method that optimizes the location effect of multiple responses. FDF2 is a variant of FDF1 that considers
both the location and dispersion effects of MRO problems. RDF is a robust MRO method that considers the
location effect of multiple responses as well as model uncertainty. RFDF is a robust fuzzy desirability function
method that considers the location effect, dispersion effect, and model uncertainty for MRO problems.
The above four benchmark methods construct an MRO problem as a single objective optimization model
and adopt single objective optimization algorithms to find the final solution. In comparison, the MDF
method is a multi-objective approach that forms an MRO problem into a multi-objective optimization
model. Specifically, the location and dispersion effects of multiple responses are modeled respectively using
the desirability functions, and the two effects are simultaneously optimized. It should be noted that the
difference between this model and the optimization model in our method is that model uncertainty is
additionally considered in our model. To make a fair comparison between the two multi-objective MRO
models, the optimization model of MDF is optimized by the same NSGAII-DMS as that is used in our
method.

In the two test examples, the methods (including RDF, RFDF, and the proposed method) considering
model uncertainty use a moderate family error of 0.4 (in which case the significance level « for each re-
sponse is around 0.1566) to calculate the confidence intervals to obtain the robust desirability values for
the optimization models as suggested by [He et al.| (2012). Moreover, for all the compared methods, a linear
desirability function and the same weight value (i.e., w;, = w;, =1, j = 1,2, 3) for the three responses are
employed to construct desirability functions for the optimization models as suggested by Kim & Lin| (2006).

The optimization results of the two examples obtained by the MRO methods will be compared in detail
below in Sections and In the two sections, we first compare the overall robust desirability values on
the location and desirability effects of the methods. Then, we compare the solutions’ mean and standard
deviation values on the responses. Finally, we compare the solutions’ worst mean and standard deviation
values in the 1—a confidence intervals on the responses, which means model uncertainty is considered during

the comparison.
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5.4. The optimization results of Example 1 (the CGA example)
5.4.1. Comparison of the obtained robust desirability values

Fig. [2{shows the overall robust desirability values of the location (Dj,) and dispersion effects (D) of the
compared methods in . The x-axis denotes the overall robust desirability value of the location effect (based
on Eq. (15)) and the y-axis denotes the overall robust desirability value of the dispersion effect (based on

Eq. ) Each point in the figure denotes the robust desirability value of the location effect and that of

the dispersion effect for a solution.
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Figure 2: Overall robust desirability values of the location (Dj},) and dispersion (D7) effects obtained by the MRO methods
in the CGA example.

According to Fig. 2| the proposed method shows better performance than the benchmark methods. First,
the proposed method and the MDF method return a set of solutions instead of one single solution since
the two methods are multi-objective MRO methods. Specifically, the proposed method can find solutions
with different DJ, and Df values that are well distributed on the non-dominated front. This is because the
proposed method simultaneously optimizes D), and Dy with respect to the location and dispersion effects.
The solutions of MDF on the northwest side of the figure are close to the solutions found by the proposed
method. However, the solutions of MDF on the southeast side of the figure seem to be undesirable from the
perspective of optimizing both the two effects, since the D] values of these solutions are 0. This denotes
that the worst standard deviation values of the solutions of MDF in the 1 — a confidence intervals predicted
by the models do not meet the required specifications because MDF does not consider model uncertainty.
Second, the TDF, FDF1, FDF2, RDF, and RFDF methods obtain D] values of 0. This shows that these
methods do not obtain desirable solutions that can meet the standard deviation specifications. One reason

that leads to this result is that the TDF, FDF1, and RDF methods do not consider the dispersion effect when
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Figure 3: Comparison of the mean (§;,,, j = 1,2, 3) and standard deviation (3;,5, j = 1,2,3) values of the three responses
for the solutions obtained by the MRO methods in the CGA example. The x-axis/y-axis in subfigures (a)-I, (a)-II, and (b)-III
are 91,5 /92,5 U1,/93,10 and 92,,,/93,,. The x-axis/y-axis in subfigures (b)-I, (b)-II, and (b)-III are 91,0 /92,0, J1,0/93,0, and
U2,1/93,0. The areas that meet the required specifications are marked in gray.

constructing the optimization models. For the FDF2 and RFDF methods, although the dispersion effect is
considered when forming the optimization model, the uncertainty of the fitted dispersion effect regression
models is not considered, which leads to the bad performance of the obtained solutions. Considering only the
location effect, the RDF method obtains the best D], value because this method establishes an optimization

model considering model uncertainty to optimize the mean values (location effect) of the responses.

5.4.2. Comparison of the obtained mean and standard deviation values

In order to give a direct view of the mean and standard deviation results of the solutions obtained by
the methods, we show the mean (g; ., j = 1,2, 3) and standard deviation (y;,,, j = 1,2, 3) values of the 3
responses for the obtained solutions in Fig[3| (note that the effect of model uncertainty is not shown in the
two figures). Specifically, in Figs and we use three subfigures to show the results. Each subfigure
shows the performance of the solutions in terms of two of the three responses.

Several results can be found in Fig. First, the solutions obtained by the proposed method are close
to the solutions obtained by the MDF method. In the meantime, the ranges of the solutions obtained by
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the MDF method on the three subfigures are larger than those of the proposed method, which means that
the 7, ,, values of the solutions of MDF vary more widely than those of the proposed method. This may be
because the proposed method adopts stricter constraints in the optimization model by considering model
uncertainty, which results in more concentrated solutions shown in Fig. Second, for the single objective
optimization based methods (the methods except for MDF and the proposed method), all the obtained
solutions meet the specifications of the responses. It should be noted that these methods have different
preferences for the three responses. For example, the TDF method obtains the best (lowest) g, value
while obtaining the worst (lowest) g3, value. The FDF1 method obtains the highest (best) ¢, value while
obtaining a worse (higher) g, value than the TDF, RDF, and RFDF methods.

According to Fig. the 3 » values of TDF, FDF1, and RDF on response ys (i.e., U3, ) exceed the upper
specification limit y5'5* = 3.00. This is because the three methods do not consider the dispersion effect when
constructing the optimization models. In comparison, all the g, , (j = 1,2, 3) values of FDF2, REDF, MDF,
and the proposed method on the responses meet the specifications because these methods consider both the
location and dispersion effects. Comparing between the two multi-objective MRO methods, the ranges of
the standard deviation values of the solutions obtained by the proposed method are narrower than that
of the MDF method. This is because the proposed method adopts the robust overall desirability function
that considers model uncertainty to model the location effect instead of the traditional desirability function
used by MDEF. For the RFDF method, the standard deviation value §3 , equals the upper specification limit

max

Y5 = 3.00. This is because meeting the standard deviation specifications of the responses is used as the

constraints in RFDF instead of being used as a part of the objective function in the optimization model.

5.4.83. Comparison of the obtained worst-case mean and standard deviation values considering model uncer-
tainty

The uncertainty caused by the regression models is not shown in Fig[3] To give a more comprehensive
view of the performance of the MRO methods, one additional figure, Fig [ is plotted. In the figure, the
robust mean (97 ,, j = 1,2,3) and standard deviation (J; ,, j = 1,2, 3) results of the methods are shown,
which considers the uncertainty of the fitted regression models. Specifically, the g7 , value for a solution
x is defined as the worst value (according to the LTB, STB, or NTB type of the response) in the 1 — «
confidence interval [yﬁu(x),yg{u(x)} (defined in Eq. @) The g7 , value for a solution x is defined as the
worst value in the 1 — o confidence interval [yf, (x), y5, (x)].

According to Fig. [4a] all the robust mean values of the solutions obtained by the compared methods
meet the specifications. The relative position of the solutions obtained by the methods shown in Fig. [a]
is similar to that shown in Fig. The difference is that the distances between these solutions and the
target are larger than that in Fig. because the robust mean values (i.e., the worst mean value in the

confidence interval) are used to show the methods’ performance. A similar result is found in Fig. ie.,
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Figure 4: Comparison of the robust mean (Q;#, j = 1,2,3) and standard deviation (Q;U, j = 1,2,3) values of the three
responses for the solutions obtained by the MRO methods in the CGA example. The x-axis/y-axis in subfigures (a)-I, (a)-1I,
and (b)-11I are 97 /95 . 97 ,/93,, and 93 /95 ,,. The x-axis/y-axis in subfigures (b)-I, (b)-1I, and (b)-III are 97 , /95 ,,
y{,a/ggyg, and @gu/gjga The areas that meet the required specifications are marked in gray.

the distances between the solutions and the target in Fig. [4b] are larger than that shown in Fig. The
standard deviations of responses y; and y» (i.e., 97, and g5 ,) of all the solutions found by the methods
meet the specifications. However, on response ys, only the standard deviations from the solutions of the
proposed method are within the upper specification limit (i.e., y3’s* = 3.00). Compared with the results
shown in Fig. the solutions of RFDF and FDF2 as well as partial solutions of MDF also exceed the upper
specification limit (i.e., y5'3* = 3.00) in addition to TDF, FDF1, and RDF. This is because even RFDF and
MDF consider the location effect of responses, they do not consider model uncertainty. In comparison, the
solutions of the proposed method meet all the specifications, which shows that the proposed MRO model

performs most effectively by considering model uncertainty.

5.5. The optimization results of Example 2 (the synthetic example)
5.5.1. Comparison of the obtained robust desirability values
Fig. [5/shows the overall robust desirability values of the location (Dj,) and dispersion (Dy) effects of
the solutions obtained by the compared methods. Each point in the figure denotes the robust desirability
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Figure 5: Overall robust desirability values of the location (Dj,) and dispersion (D},) effects obtained by the MRO methods
in the synthetic example.

values of the location and dispersion effects for a solution. According to the figure, the proposed method
obtains a set of solutions that are well distributed on the non-dominated front. These solutions have different
combinations of the Dy, and Dg values. In comparison, the benchmark methods do not show desirable D},
and D7, results. First, the TDF, FDF1, RDF, and RFDF methods generally obtain better results on the
location effect than the proposed method because the Dj, values of these benchmark methods are greater
than that of the proposed method. However, the D! values of these benchmark methods are 0, which means
that these methods do not obtain a solution with desirable performance on the dispersion effect. Second, the
FDF2 method obtains a better Dy value than the proposed method while obtaining a Dj, value of 0. This
denotes that the obtained solution of FDF2 does not perform well on the location effect. Finally, similar to
the proposed method, the MDF method obtains a set of solutions. Although some solutions of MDF have
Dy, and Dy, values similar to the proposed method, the solutions of MDF on the southeast side of the figure
obtain a D] value of 0. This shows that MDF obtains inferior solutions since it does not consider model
uncertainty in the optimization model.
To conclude, the results in Fig. [5| reveal that the proposed method obtains better optimization results

on both Dj, and Dy in the synthetic example. This shows that our MRO model proposed in Eq. can

effectively address the location and dispersion effects while considering model uncertainty.

5.5.2. Comparison of the obtained mean and standard deviation values

Fig. @shows the mean (9, ., j = 1,2,3) and standard deviation (y; .+, j = 1,2,3) values of the responses
for the obtained solutions without considering model uncertainty. Similar to that in Section [5.4.2] each
subfigure in Fig. [3a] or [BH] shows the mean or standard deviation results of the obtained solutions in terms
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Figure 6: Comparison of the mean (§;,,, j = 1,2,3) and standard deviation (§;,5, 5 = 1,2, 3) values of the 3 responses for
the solutions obtained by the MRO methods in the synthetic example. The x-axis/y-axis in subfigures (a)-I, (a)-II, and (b)-III
are 91,5 /92,5 U1,/93,10 and 92,,/93,,. The x-axis/y-axis in subfigures (b)-I, (b)-II, and (b)-III are 91,0 /92,0, J1,0/93,0, and
U2,1/93,0. The areas that meet the required specifications are marked in gray.

of two of the three responses.

According to Fig. it is obvious that all the solutions found by the compared methods meet the
required specifications since all these methods consider the location effect. Similar to the results in the
CGA example, different MRO methods have different preferences. The TDF and RDF methods obtain
desirable ¢, and g2, results while obtaining bad g§3 , results. The FDF1 and RFDF methods obtain
better §3 ,, results while obtaining worse or similar §; , results compared with other methods. Moreover,
the obtained solutions of MDF and the proposed method are close. However, the ranges of ¢, (j = 1,2, 3)
of MDF are larger than that of the proposed method. This is because the proposed method considers the
model uncertainty of the location and dispersion effect models, which narrows its solution space. Finally,
the solution of FDF2 is farthest from the target among the solutions obtained by all the methods, which
indicates FDF2 obtain the worst results on the location effect. This is because, in this synthetic example,

the dispersion effect takes priority over the location effect in FDF2 as we can find in Fig. [5| that FDF2

obtains an excellent D7 value.
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According to Fig. @ the 91,5, 92,0, and g3, values of the proposed method, FDF2, RFDF, and MDF
meet the required specifications, whereas the g, , values obtained by TDF, FDF1, and RDF exceed the
upper specification limit y3'5* = 0.70. This is because the optimization models of TDF, FDF1, and RDF
only consider the location effect while neglecting the dispersion effect. Similar to the results found in the
CGA example, the ranges of the standard deviation values obtained by the proposed method are narrower
than that of MDF. Specifically, the §> , value of the proposed method is much lower than that of MDF
because the proposed method handles the model uncertainty problem by optimizing the worst-case standard
deviation value in the 1 -« interval [yF,(x),yY, (x)] instead of §; ,(x) used in MDF. This ensures that, in
the worst case, the standard deviation of response y, does not exceed the upper specification limit. To sum
up, the results in Fig. [f] indicate that all the solutions obtained by the proposed method meet the required

specifications of the three responses.

5.5.83. Comparison of the obtained worst-case mean and standard deviation values considering model uncer-
tainty

Similar to that in Section the robust mean (97 ,, j = 1,2, 3) and standard deviation (97 ,, j = 1,2, 3)
values of the three responses obtained by the methods are shown in Fig. The robust mean or standard
deviation indicates the worst-case value in the 1- o confidence interval. According to Fig. [7a] the methods
except for FDF2 obtain g7 , values on the three responses that meet the required specifications. The solution
of FDF2 fails to meet the required specification of response y2 because the g5 , value exceeds the upper
specification limit Ya., = 60.00. According to Fig. @, except for the proposed method and FDF2 method,
the compared methods fail to obtain solutions meeting the required standard deviation specifications. The
¥; » values of the solutions of TDF, FDF1, RDF, and RFDF exceed the required upper specification limits

Yjo* on at least one response, and the g7 , values of a portion of the solutions of MDF violate the required

specification limits y™a*

ie - Overall, the results in Fig. |Z| indicate that either g7 , or g7 , of the benchmark

methods fails to meet the required specifications. In comparison, all the g7 , and g7 , values of the proposed
method are within the required specification limits. This shows the effectiveness of the proposed method.
To sum up, the optimization results of the two examples in Sections and have shown that the
proposed MRO model is effective. The proposed model considers both the location and dispersion effects
of multiple responses. Meanwhile, the uncertainty of the fitted regression models is considered. Thus, the
solutions yielded by the proposed model can meet all the required specifications. In comparison, the models
of the benchmark methods do not comprehensively consider the two effects and model uncertainty. Therefore,

these benchmark methods may obtain solutions that fail to meet some specifications of the responses.

27



65 15 15

60 \
2 55 = =
3 \ : . %ﬁ 2 0 8 ¥ cmm—
4 W§

:.550 ‘k fg y
-8
45 N
40 5 4 5 2
25 30 35 25 30 35 40 45 50 55 60 65
i, (LTB) 91, (LTB) %, (NTB)

‘ & Target e ProposedMethod [ TDF X FDF1 A FDF2 % RDF ¥ RFDF ¢ MDF‘

(a) Mean.
1 1l n
1 0.3 0.3
08 b < 0.25 $ 0.25 %7
= & ) 5 02 5 02
g 0.6 = =
23 %015 % 0.15
504 o8 —
@ = 0 X = 0 X
02 0.05 JE 0.05 7
ofe
0.5 1 15 2 05 1 15 2 0 0.2 0.4 0.6 0.8 1
i, (STB) 1, (STB) 5,4 (STB)

‘ W Target e Proposed Method [ TDF X FDF1 A FDoF2 Y RDF VY RFDF 0 NIDF‘

(b) Standard deviation.

Figure 7: Comparison of the robust mean (Q;#, j =1,2,3) and standard deviation (3}; o+ J =1,2,3) values of the 3 responses
for the solutions obtained by the MRO methods in the synthetic example. The x-axis/y-axis in subfigures (a)-I, (a)-II, and
(b)-Tare gy /95 ., 97 /95, and 95 /95 . The x-axis/y-axis in subfigures (b)-I, (b)-II, and (b)-IIl are 47 , /95 ., 97 , /93 o>
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5.0. Selecting the best compromise solution

The proposed method, a multi-objective MRO method, returns a set of non-dominated solutions with
different desirability values on the location and dispersion effects. One merit of this multi-objective method
is that DMs can further select the best compromise solution from the returned candidate solutions by
investigating the trade-off between the two effects. In this selection procedure, DMs’ preferences can be
considered. The multi-objective decision methods, such as IPM (Li et al., [2016]), TOPSIS (Lai et al., [1994;
Ouyang et al., 2021)) and the posterior preference articulation approach (Lee et al., 2018), can also be
involved in this procedure to help DMs make a choice.

In this paper, we propose to use IPM to select the best compromise solution from the non-dominated
solutions found by the proposed method. IPM has shown to be a simple and effective multi-objective
decision method that is able to select the best compromise solution from the non-dominated solutions. IPM
first defines an ideal point in the objective space and then selects the solution closest to the ideal point

as the best compromise solution. |Li et al.| (2016) applied IPM to select the best compromise solution for

28



a key quality characteristic selection problem using NSGA-II. In this application, the ideas of solving the
incommensurable problem of different objective functions and defining the ideal point using the information
of the found non-dominated solutions are used. Let L,s = {x1,...,Xs} be the set of non-dominated solutions
found by a multi-objective optimization algorithm and f;(xx) (j = 1,...,m and k = 1,...,s) be the jth
objective function value for x;. The procedure of IPM used by |Li et al.| (2016) can be simply described as
follows:

First, to solve the incommensurable problem, the normalized objective function value for each solution
in L, is obtained by the Z-score normalization method as
£ (i) = Wy =1,..mk=1,..s, (36)
where fj and o(f;) denote the mean and standard deviation of the objective function values of the solutions
in Ly, respectively.

Second, the ideal point is defined based on the normalized objective function values as

<ff,...,f;>( min V()0 min f:x<xk>). (37)

ke{l,...,s} ke{Lem s}

Finally, by selecting the solution in L, that is closest to the ideal point, we obtain the best compromise

solution as

m

x* = argelglin Z(fJN(xk) —- f5)2 (38)
xk€lns \| 521

We use the above mentioned IPM procedure to select the best compromise solution from the non-
dominated solutions found by the proposed method. For a comparison purpose, the best compromise solution
for the MDF method is also selected by IPM. The comparison of the search results between the benchmark
methods and the proposed method with IPM in the CGA and synthetic examples are shown in Table
where the best solution x* = (x}, x5, z3), the predicted mean ¢; ,(x*) and standard deviation g; »(x*) on
each response y; (j = 1,2,3), and the 1 — « confidence limits (y,(x*),y",(x*)) and (yF,(x*),y%,(x*))
corresponding to each predicted mean and standard deviation are listed for each method.

According to Table 5] we find that, except for the proposed method, the predicted “mean/standard
deviation” value or the upper/lower confidence limit of the solution found by the rest methods exceeds the
required specification in the two examples. Specifically, in the CGA example, the 3 ,(x*) values and the
corresponding upper confidence limits yg - (x*) of TDF, FDF1, and RDF exceed the upper specification limit
Y5 = 3.00, and the upper confidence limits yga (x*) of FDF2, RFDF, and MDF (with IPM) exceed the
specification y5'5* = 3.00. In the synthetic example, the g , (x*) values and corresponding upper confidence

limits yga(x*) of TDF, FDF1, and RDF exceed the upper specification limit y3’s* = 0.70, the upper
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Table 5: Comparison of the optimization results between the benchmark methods and the proposed method with IPM.

The proposed method

Example Metric with TPM TDF FDF1 FDF2 RDF RFDF MDF with IPM
-0.415 -0.948 -0.567 -0.352 -0.817 -0.580 -0.624
-0.167 -1.000 -0.938 -0.514 -0.826 -0.771 -0.450
-1.000 -1.000 -1.000 -1.000 -0.887 -1.000 -1.000
4.691 4.717 5.078 4.952 4.712 4.924 4.651
0.323 0.256 0.340 0.356 0.290 0.327 0.299
26.567 25.260 25.561 26.278 26.044 25.897 26.351
0.074 0.053 0.027 0.052 0.039 0.038 0.061
CGA 0.047 0.059 0.055 0.050 0.051 0.054 0.051
1.620 4.463 3.608 2.002 4.086 2.999 2.201
(4.541,4.842)  (4.501,4.933)  (4.903,5.254)  (4.810,5.095)  (4.5414.883)  (4.770,5.077) (4.501,4.802)
(0.273,0.374)  (0.203,0.309)  (0.287,0.394)  (0.303,0.409)  (0.245,0.335)  (0.276,0.379) (0.251,0.346)
(25.867,27.267)  (24.505,26.016) (24.892,26.231)  (25.633,26.922) (25.419,26.669) (25.273,26.520)  (25.678,27.024)
(-0.013,0.161)  (-0.053,0.159)  (-0.077,0.130)  (-0.043,0.147)  (-0.046,0.124)  (-0.059,0.135)  (-0.025,0.146)
(0.029,0.066)  (0.029,0.088)  (0.020,0.081)  (0.030,0.070)  (0.026,0.075)  (0.030,0.078) (0.030,0.073)
(0.434,2.807)  (2.847,6.080)  (2.3454.872)  (0.924,3.080)  (2.798,5.375)  (1.819,4.180) (0.983,3.419)
-1.000 -1.000 1.000 -1.000 -0.884 1.000 -1.000
-1.000 -1.000 0.941 -1.000 -1.000 -0.153 -1.000
0.846 -0.163 -0.630 1.000 -0.114 -0.659 0.521
32.322 32.895 31.663 31.720 33.170 31.765 33.147
56.643 50.000 47.457 58.050 50.000 47.546 54.014
10.262 10.435 8.337 10.236 10.643 8.875 10.318
0.959 1.012 1.356 0.984 1.001 1.451 0.935
Synthetic 0.619 0.769 0.742 0.597 0.771 0.677 0.668
0.012 0.015 0.058 0.012 0.036 0.184 0.013
L (x7), ) (31.296,33.349)  (31.715,34.074)  (30.672,32.654) (30.633,32.806) (32.010,34.330) (30.798,32.732)  (32.067,34.227)
(x ) (54.766,58.521)  (48.220,51.781)  (45.731,49.183) (55.915,60.185) (48.281,51.719)  (45.812,49.281)  (52.298,55.730)
(), YL (x7)) (9.930,10.595)  (10.181,10.690)  (8.053,8.622)  (9.877,10.595) (10.399,10.888)  (8.549,9.202)  (10.033,10.603)
(%), 9V, (7)) (0.878,1.040)  (0.924,1.099)  (1.283,1.430)  (0.894,1.073)  (0.913,1.089)  (1.385,1.517) (0.854,1.016)
(k") yl o (x*) (0.555,0.684)  (0.717,0.822)  (0.683,0.800)  (0.528,0.666)  (0.723,0.819)  (0.624,0.729) (0.611,0.725)
Wk, (x),9¥,(x")) (-0.038,0.063)  (-0.026,0.057)  (0.012,0.103)  (-0.042,0.066)  (-0.001,0.073)  (0.145,0.223)  (-0.031,0.058)
« ” denotes the mean or standard deviation is out of the required specification.

confidence limits y{, (x*), 5, (x*), and y§,(x*) of RFDF exceed the corresponding upper specification
limits y1"5* = 1.50, y3'5* = 0.70, and y3'5* = 0.20, the upper confidence limit yg“(x*) of FDF2 exceeds the
upper specification limit y5'7* = 60.00, and the upper confidence limit yg - (x*) of MDF (with IPM) exceeds
the upper specification limit y3’5* = 0.70. These results show that the proposed method outperforms these

benchmark methods.

5.7. Discussion

In an MRO problem, both the mean (location effect) and standard deviation (dispersion effect) of each
response should be optimized in order to obtain a solution of high and stable performance. The necessity of
considering the dispersion effect has been shown in the above two examples. The methods (i.e., TDF, FDF1,
and RDF) considering only the location effect can obtain solutions that meet the “mean” specifications, while
the obtained solutions of them fail to meet the “standard deviation” specifications. This means that the
obtained solutions of these methods can obtain responses with high performance (i.e., the mean values
of responses are close to the targets), but the performance of the responses may not be stable (i.e., the
standard deviation of a response is great). From the point of view of robust design, the solutions from
these methods are not robust enough. In comparison, the other four methods (i.e., the proposed method,
FDF2, RFDF, and MDF) that consider both the location and dispersion effects can obtain solutions that

meet all the “mean” and “standard deviation” specifications (without considering the uncertainty of the
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fitted models). The solutions of these four methods are more robust than those of TDF, FDF1, and RDF.
Moreover, the proposed method, FDF2, RFDF, and MDF provide three strategies to handle the dispersion
effect with the optimization model. FDF2 uses a “max-min” scheme that maximizes the minimum degree
of satisfaction with respect to the means and standard deviations of multiple responses. In this scheme, the
objective function value of the optimization model is decided by a response’s mean or standard deviation
with the lowest desirability value, and thus the desirability values on other responses are neglected in the
optimization model (Kim & Lin, 2006). RFDF treats the location effect of each response as a constraint
in the optimization model. The degree of satisfaction of the overall location effect of multiple responses
is set as the objective to be optimized. The RFDF method assumes that optimizing the location effect is
more important than optimizing the dispersion effect. However, this assumption does not always hold in
practice. In comparison, the proposed method and MDF use a more straightforward strategy that explicitly
treats location and dispersion effects as two separate objectives to be optimized, and the multi-objective
optimization models are constructed as simultaneously optimizing the overall desirability values of the two
effects.

In MRO, the optimization for multiple responses is based on the fitted regression models with the data
collected from experiments. In practice, we cannot obtain a perfectly fitted model that precisely predicts
the true response value of given input variables, which is referred to as the model uncertainty problem. To
obtain a reliable solution, model uncertainty cannot be neglected. The proposed method adopts a worst-
case strategy as used by He et al. (2012)) to handle model uncertainty. Specifically, this strategy constructs
a robust desirability function that considers the worst response values in the confidence intervals of the
responses predicted by the fitted models. This strategy can address the issue that over-optimistic but not
reliable solutions are obtained. In the above examples, the proposed method, RDF, and RFDF have adopted
this worst-case strategy to handle model uncertainty. However, it should be noted that RDF and RFDF
only consider the uncertainty of the fitted “mean” regression models. As a result, the obtained solutions of
RDF and RFDF fail to meet the “standard deviation” specifications on some responses in the two examples.
In comparison, the proposed method considers the uncertainty of both the fitted “mean” and “standard
deviation” models, and the obtained solutions meet all the required specifications.

The proposed method and MDF are based on the multi-objective optimization scheme, while other meth-
ods are based on the single objective optimization scheme. The multi-objective scheme can find a set of
non-dominated solutions with different satisfactory levels on the location and dispersion effects by simul-
taneously optimizing the two effects. DMs can further select the best compromise solution by considering
the trade-off between the two effects. In this selection step, DMs’ preferences can be involved. For the
single objective scheme, DMs need to consider the weights of location and dispersion effects in a very early
phase of the MRO task when constructing the optimization model. However, DMs may lack enough domain
knowledge to properly decide the weights of the two effects. In comparison, the multi-objective scheme does
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not pre-allocate the weights for the two effects before the optimization. It simultaneously optimizes the
two effects to obtain a set of non-dominated solutions that meet the specifications. Then, DMs can select
the most desirable solution from these candidate solutions based on their preferences. The DMs can also
re-select the best compromise solution when their preferences change without building and optimizing the
model again. This shows the advantage of the multi-objective scheme. Furthermore, the multi-objective
decision methods can help in the selection of the best compromise solution. In this paper, we propose to
use IPM to select the solution closest to the defined ideal point as the best compromise solution. It is worth
noting that, in the practical use of IPM, DMs can flexibly define the ideal point based on their preferences

to obtain the final best compromise solution.

6. Evaluating the performance of the proposed NSGAII-DMS algorithm

The optimization results of the two test examples in Section [5] have shown that the constructed multi-
objective MRO model is effective. In the proposed MRO method, the constructed multi-objective MRO
model is optimized by a novel multi-objective optimization algorithm NSGAII-DMS. In this section, we
further verify the search performance of NSGAII—DMSH with more experiments. The experimental design
and the comparison of the search results between NSGAII-DMS and benchmark multi-objective optimization

algorithms are given in Sections [6.1] and

6.1. Experimental design

To show the effectiveness of NSGAII-DMS, four well-known multi-objective optimization algorithms
including NSGA-II (Deb et all 2002), SPEA2 (Zitzler et al.| 2001)), MOEA/D (the Tchebycheff approach
version) (Zhang & Li, 2007), and DMS (Custddio et al., [2011) are used as benchmark algorithms. NSGA-II,
SPEA2, and MOEA/D are three popular MOEAs. DMS is a multi-objective optimization algorithm based
on the direct search. In NSGA-II, SPEA2, and MOEA /D, the population size and the maximum number
of generations are set as 100 and 250, which yields the same number of function evaluations as NSGAII-
DMS. The crossover probability and mutation probability are set as 0.9 and 1/n, which are the same as
NSGAII-DMS. In DMS, the same maximum number of function evaluations (i.e., 25,000) as NSGAII-DMS
is used. Moreover, as suggested by |Custddio et al.| (2011), the initial value of the step size parameter is
set as ag = 1, and the step size is halved at failure iterations and is maintained at successful iterations
in DMS. Since the benchmark algorithms and NSGAII-DMS are stochastic optimization algorithms, the
experiments applying these methods to solve the CGA and synthetic MRO problems described in Section
[6.1) are repeated 30 times with different running seeds. The results of the 30 experimental runs are used to

compare the performance of these methods. All these optimization algorithms are implemented in Matlab

I The source code of NSGAII-DMS is available at |https://github.com/andali89/nsgaii_dms.
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R2021a and the experiments are conducted on a PC with 16 GB RAM and a 3.6 GHz CPU. We adopt three
performance metrics, i.e., hypervolume (HV) (Yuan et al., [2016]), the inverted generational distance (IGD)
(Li et al., [2020; Li & Hel 2020), and the diversity metric (DME) (Deb et al., [2002), to evaluate the search
performance. A brief introduction of these metrics is given below.

HV measures the hypervolume dominated by the non-dominated solutions of a multi-objective optimiza-
tion algorithm in the objective space. A larger HV value denotes a better quality of the non-dominated
solutions. Let L,s be a set of non-dominated solutions and r = (r1, 79, ..., 7,) be a given reference point in

the objective space. The hypervolume of L, with respect to r is obtained as

m
HV(L,s) = volume U H Irj — f;(x)] |, (39)
XELps j=1
where f;(x) denotes the value of the jth objective function obtained by x.

IGD measures the similarity between the Pareto optimal solutions and the non-dominated solutions found
by a multi-objective optimization algorithm. The lower the IGD value is, the better the performance of the
optimization algorithm is. Let L, be the set of Pareto optimal solutions and L, be a set of non-dominated
solutions found by a multi-objective optimization algorithm. The IGD value of L, with respect to L, is
defined as

[GD(Lny) = — min D(x,,), (40)

|Lp | xoELy XELps

where |L,| denotes the number of solutions in L, and D(x,,x) denotes the Euclidean distance between
solutions x,, and x in the objective space.

DME measures the spread degree of the non-dominated solutions found by a multi-objective optimization
algorithm. A lower DME value denotes the found solutions spread more uniformly in the non-dominated

front. Let L,, be a set of non-dominated solutions. The DME value of L, is obtained as

DME(L ) _ df +d; + Ziiqs‘_l |di __(ﬂ
" df +di + (|Lys| — 1)d

(41)

where |L,s| denotes the number of the solutions in L, dy,dz,...,dr, -1 are the Euclidean distances
between the consecutive solutions in Ly, in the objective space, dy and d; are the Euclidean distances
between the two extreme solutions and their neighbor solutions in the objective space, and d is the average
of di,do,....dr, |1

The ranges of different objective functions can be very different. Thus, we first normalize each objective
function value based on the max-min normalization method, where the maximum and minimum values are
obtained based on the union of the solutions found by all the compared optimization algorithms. The HV,

IGD, and DME values for each algorithm are then calculated based on the normalized objective function
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values. To compute the HV value, the reference point r = (r1, 79, ..., 7, ) should be given. We define each
element of the reference point as r; = 1.1, j = 1,2, ..., m as suggested by [Yuan et al.| (2016). To calculate
the IGD value, we need to know the true Pareto front of the problem. In this paper, we obtain the non-
dominated front based on the solutions found by all the compared methods on the 30 runs and let this
non-dominated front be the approximate Pareto front for the calculation of IGD as suggested by |Li et al.
(2020). For a more detailed description of the calculation for the three metrics, please refer to |Li et al.

(2020).

6.2. Comparison of the search performance

Table |§| shows the results of the three performance metrics and the computation time (CPU time)
obtained by the optimization algorithms on the two examples. In the table, the mean and standard deviation
values on each performance metric are shown for each method. Each “P-value” column shows the statistical
significance test results comparing NSGAII-DMS with a benchmark method based on the Wilcoxon rank-sum
test (Wilcoxon, (1945) with a significance level of 0.05.

Overall, for both the CGA and synthetic examples, NSGAII-DMS obtains better HV, IGD, and DME
results than the benchmark algorithms. First, NSGAII-DMS obtains a significantly higher HV value than
the benchmark algorithms in the two examples. This means that the non-dominated solutions obtained
by NSGAII-DMS dominate a larger area than the benchmark algorithms in the objective space. Second,
NSGAII-DMS obtains a significantly lower IGD value than the benchmark algorithms in the two examples.
This shows that the non-dominated front obtained by NSGAII-DMS is more similar to the Pareto front
than the benchmark algorithms. The IGD and HV results show that NSGAII-DMS obtains higher quality
solutions than the benchmark algorithms. Finally, NSGAII-DMS obtains a significantly lower DME value
than the benchmark algorithms in the two examples. This shows that the solutions obtained by NSGAII-
DMS are distributed more uniformly in the non-dominated front than the solutions obtained by benchmark
algorithms, which means that NSGAII-DMS has a better spread property than the benchmark algorithms.

Moreover, in the two examples, NSGAII-DMS requires slightly less computation time than NSGA-
IT, while requiring more computation time than SPEA2, MOEA/D, and DMS. This is because the non-
dominated sorting approach used in NSGAII-DMS and NSGA-II requires more computation time than the
solution sorting approaches in SPEA2, MOEA /D, and DMS. However, seeing that NSGAII-DMS can obtain
better IGD, HV, and DME results than other algorithms and the computation time required by NSGATI-
DMS are acceptable from a practical point of view, it is a better choice to use the proposed NSGAII-DMS
instead of the benchmark algorithms.

The above results have shown that the proposed NSGAII-DMS outperforms the benchmark multi-

objective optimization algorithms. The following reasons can explain the effectiveness of NSGAII-DMS:
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Table 6: Comparison of the search performance between NSGAII-DMS and benchmark multi-objective optimization methods.

P NSGAII-DMS NSGA-II SPEA2 MOEA/D DMS
Example  Metric
Mean Std. Mean Std. P-value  Mean Std. P-value  Mean Std. P-value  Mean Std. P-value
HV 1.1002 0.0001 1.0988 0.0002 0.0000* 1.0823 0.0087 0.0000* 1.0853 0.0017 0.0000* 1.0975 0.0005 0.0000*
CGA IGD 0.0048 0.0005 0.0053 0.0002 0.0001* 0.0285 0.0144 0.0000* 0.0353 0.0027 0.0000* 0.0081 0.0006 0.0000*
DME 0.2393 0.0176 0.4203 0.0267 0.0000* 1.0691 0.0618 0.0000* 0.8995 0.0180 0.0000* 0.5994 0.0211 0.0000*
Time (S) 373 2.3 53.6 0.5 0.0000* 18.9 0.5 0.0000* 20.1 0.7 0.0000* 18.5 0.9 0.0000*
HV 1.1008 0.0000 1.0993 0.0029 0.0000* 1.0929 0.0023 0.0000* 1.0979 0.0004 0.0000* 1.0997 0.0001 0.0000*
Synthetic IGD 0.0052  0.0005 0.0068 0.0066 0.0000* 0.0216 0.0073 0.0000* 0.0216 0.0014 0.0000* 0.0054 0.0002 0.0017*
DME 0.1864 0.0201 0.4456 0.0693 0.0000* 1.1039 0.0716 0.0000* 0.8669 0.0180 0.0000* 0.3504 0.0198 0.0000*

Time (S) 34.9 2.3 53.1 0.9 0.0000" 17.8 0.5 0.0000*  20.3 1.3 0.0000* 15.5 0.4 0.0000*

e First, NSGA-II is a classical MOEA with a good global search capability. Thus, adopting the NSGA-
[I-based search mechanism during the early optimization stage makes NSGAII-DMS quickly find a set

of high-quality non-dominated solutions, which lays a good foundation for the following DMS process.

e Second, DMS focuses on searching in the local space around the currently found non-dominated solu-
tions and it has shown to have excellent convergence behaviors. Therefore, adopting the DMS-based
search mechanism during the late optimization stage of NSGAIII-DMS is a good strategy to further
tune the (relatively) good solutions found by the NSGA-II process.

e Finally, the DMS-based search mechanism adopted in NSGAII-DMS is not exactly the same as that in
the traditional DMS algorithm. In the DMS process of NSGAII-DMS, the crowding distance measure
is also used to guide selecting the poll center and rejecting superfluous solutions if the non-dominated
set L,s exceeds the maximum size. Since the crowding distance can effectively measure the crowding
degree of each solution in the non-dominated front, the non-dominated solutions with a good spread

property can be maintained by NSGAII-DMS.

7. Conclusions

In this paper, we propose a robust MRO method using a hybrid multi-objective optimization algorithm,
i.e., NSGAII-DMS. Compared with the traditional single objective optimization based MRO methods, the
proposed method can find a set of non-dominated solutions instead of one single solution. DMs can select
the best compromise solution from the non-dominated solutions based on their preferences. The proposed
method considers both the location and dispersion effects of multiple responses while considering model
uncertainty. Based on the idea of the robust desirability function (He et all 2012) that can address model
uncertainty, we form two overall desirability functions to model the location and dispersion effects, respec-
tively. Then, we construct the MRO model as a multi-objective optimization problem that simultaneously
optimizes the two modeled overall desirability functions. To solve the model, we propose the NSGAII-
DMS algorithm that combines the search mechanisms of NSGA-IT and DMS. The optimization results of
the two test examples show that the proposed model can obtain robust solutions with desirable location
and dispersion effects results while ensuring the solutions’ reliability by addressing model uncertainty. The
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optimization results also show that IPM can be a good tool to help DMs select the best compromise so-
lution from the non-dominated solutions found by NSGAII-DMS, as IPM can find a solution with a good
balance between the location and dispersion effects. Further analyses illustrate that the NSGAII-DMS al-
gorithm shows significantly better search performance than several well-known multi-objective optimization
algorithms, including NSGA-II, SPEA2, MOEA /D, and DMS.

The proposed MRO model defines the location and dispersion effects as two optimization objectives.
One advantage of this formulation is that DMs can further select the best compromise solution from the
obtained non-dominated solutions considering the trade-off between the two effects. This formulation also
has a good scalability property, since the increase in the number of responses does not change the form of
the optimization model. However, the drawback of this formulation is that the trade-offs among multiple
responses cannot be straightforwardly considered by the DMs when selecting the best compromise solution.
Thus, one of our future research interests is to establish an MRO method that can provide DMs with
more flexibility to consider the trade-offs among multiple responses for decision making. Moreover, being
one desirability function based MRO method, the proposed method does not consider the correlations
among responses. Hence, building a multi-objective optimization based MRO method that can handle the

correlations among multiple responses is also worth studying in the future.
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Appendix A. Tuning parameters for NSGAII-DMS

As we analyzed in Section three parameters, including the maximum number of generations of
the GA process T, the initial step size parameter ag, and the parameter 3, are required to be tuned for
NSGAII-DMS. Therefore, in this section, we conduct the tuning experiments to find a desirable setting for
the three parameters. In the experiments, we examine four values of T' (i.e., T' € {50, 100, 150, 200}), examine
five values of g (i.e., ap € {0.2,0.4,...,1}), and examine nine values of g8 (i.e., 8 € {0.50,0.55,...,0.90}).
This results in a set {(T, g, 8)|T € {50,100, 150,200}, o € {0.2,0.4,...,1}, 8 € {0.5,0.55,...,0.90}} of 180
candidate parameter settings. The details of these parameter settings are shown in Table

In the experiments, we apply NSGAII-DMS with each parameter setting shown in Table to the
CGA example to tune the parameters. The experiment runs 10 times for each parameter setting, which
results in 10 sets of the non-dominated solutions. To evaluate the goodness of the obtained non-dominated
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Table A.1: Parameter settings to be examined in the tuning experiments.

D T a B
1 50 0.2 0.50
2 50 0.2 0.55

9 50 0.2 0.90
10 50 0.4 0.50
11 50 04 0.55

45 50 1 090
46 100 0.2 0.50
47 100 0.2 0.55

180 200 1 0.90

solutions, the HV metric described in Section [6.1]is adopted. We can obtain 10 HV values for the 10 sets of
non-dominated solutions. Considering both the mean and variance of the obtained HV values, we further
transform the 10 HV values into Taguchi’s signal-to-noise (S/N) ratio as suggested by [Sadeghi et al.| (2011]).
The S/N ratio is used as the final performance metric to evaluate the goodness of the solutions from each
parameter setting. Since the HV metric is larger the better, the following formula is adopted to calculate

the S/N ratio:
10

S/N ratio = —101log (110 Z(HlVT)Z) (A1)

r=1

where HV,. denotes the HV value of the rth experimental run. A large S/N ratio usually denotes a high
mean value and a small variance of the HV metric, which means the parameter setting obtains good search
performance.

Fig. shows the S/N ratios of the parameter settings shown in Table According to the figure, the
best S/N ratio is achieved when the 62th parameter setting (i.e., T = 100, ag = 0.4, 8 = 0.85) is adopted.
According to the tuning results of these parameters, the maximum number of generations of the GA process
is set as T' = 100, neither a too large nor a too small value. This indicates T' should be set as a proper value
to make both the GA process and the DMS process conduct enough iterations. Moreover, compared with
the original DMS algorithm, which set ap = 1 and § = 0.5, the tuning results indicate that NSGAII-DMS
should use a smaller ag (i.e., 0.4) and a larger 8 (i.e. 0.85). This indicates that the initial search step is
smaller and the step size reduces slower in the DMS process of NSGAII-DMS than in the original DMS
algorithm. This is because we have already used the NSGA-II process for the global search in the early
optimization stage of NSGAII-DMS. It would be good to set «yq as a relatively small value to make the DMS
focus on the local search. Moreover, a slightly large 3 (i.e., 0.85) also guarantees the search step does not

shrink too fast.

37



0.774

0.7735 7

0.773 4

0.7725 4

T =100, ag = 0.4, 3=0.85

0.772

S/N Ratio

0.7715 - 7

0.771 3

0.7705 4

0.77 I I I I I I I I
0 20 40 60 80 100 120 140 160 180

ID

Figure A.1: The S/N ratios of different parameter settings.
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